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Luigi Brunoc, Stuart Gardinerd, Christopher A. Girkina, J. Crawford Downsa,n
a

Ophthalmology, University of Alabama at Birmingham, Birmingham, AL, USA
Bioengineering, National University of Singapore, Singapore
c
Mechanical Engineering, University of Calabria, Cosenza, Italy
d
Devers Eye Institute, Portland, OR, USA
b

ar t ic l e in f o

abs tra ct

Article history:

To characterize the material properties of posterior and peripapillary sclera from human

Received 18 January 2013

donors, and to investigate the macro- and micro-scale strains as potential control mechanisms

Accepted 26 March 2013

governing mechanical homeostasis. Posterior scleral shells from 9 human donors aged 57–90

Available online 20 April 2013

years were subjected to IOP elevations from 5 to 45 mmHg and the resulting full-ﬁeld
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displacements were recorded using laser speckle interferometry. Eye-speciﬁc ﬁnite element

Sclera

models were generated based on experimentally measured scleral shell surface geometry and

Inverse analysis

thickness. Inverse numerical analyses were performed to identify material parameters for each

Homeostasis

eye by matching experimental deformation measurements to model predictions using

Collagen ﬁbril strain

a microstructure-based constitutive formulation that incorporates the crimp response and
anisotropic architecture of scleral collagen ﬁbrils. The material property ﬁtting produced models
that ﬁt both the overall and local deformation responses of posterior scleral shells very well. The
nonlinear stiffening of the sclera with increasing IOP was well reproduced by the uncrimping of
scleral collagen ﬁbrils, and a circumferentially aligned ring of collagen ﬁbrils around the scleral
canal was predicted in all eyes. Macroscopic in-plane strains were signiﬁcantly higher in
peripapillary region then in the mid-periphery. In contrast, the meso- and micro-scale strains at
the collagen network and collagen ﬁbril level were not signiﬁcantly different between regions.
The elastic response of the posterior human sclera can be characterized by the anisotropic
architecture and crimp response of scleral collagen ﬁbrils. The similar collagen ﬁbril strains in
the peripapillary and mid-peripheral regions support the notion that the scleral collagen
architecture including the circumpapillary ring of collagen ﬁbrils evolved to establish optimal
load bearing conditions at the collagen ﬁbril level.
& 2013 Elsevier Ltd. All rights reserved.

1.

Introduction

Biomechanics is likely to be important in the development
and progression of glaucoma, as it provides a direct link

between intraocular pressure (IOP) and the microenvironment of the optic nerve head (ONH) where glaucomatous
damage to the retinal ganglion cell axons is thought to occur
(Burgoyne et al., 2005; Downs et al., 2008). The sclera is an
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important driver of ONH biomechanics, as it imposes the
principal mechanical boundary condition on the contained
lamina cribrosa and neural canal tissues and the intrascleral
branches of the short posterior ciliary arteries provide the
primary blood supply for the lamina cribrosa. Several computational studies have shown the sclera to be among the
most important determinants of ONH stress and strain (Sigal
et al., 2005, 2011a, 2011b).
Computational modeling studies are necessary to study
ONH biomechanics, as no experimental methods are available to measure or estimate stress and strain in the ONH
in vivo. However, without accurate material properties, these
models yield inaccurate stress and strain predictions in the
sclera, and hence ONH. No previous studies have reported
material property estimates for the posterior and peripapillary human sclera that incorporate the inhomogeneous,
hyperelastic, anisotropic nature of its material response.
Histologic studies have shown that there is a circumferential
ring of highly aligned collagen ﬁbrils surrounding the ONH,
and computational simulations have suggested that this ring
serves to shield the relatively compliant ONH from excessive
strains (Girard et al., 2009b; Grytz et al., 2011a; Coudrillier
et al., in press). Experimental studies have shown that
the sclera's mechanical response changes in response to
age (Girard et al., 2009c; Coudrillier et al., 2012) and exposure
to chronically elevated IOP (Girard et al., 2011b), although no
work has been done to elucidate the mechanical factors
driving these changes.
In this study, we estimated eye-speciﬁc scleral material
properties by matching the inﬂation response of an eyespeciﬁc computational model to the experimentally measured displacements of the same posterior scleral shell
subjected to an inﬂation test. The material properties were
iteratively ﬁt to a mechanistic constitutive model formulated
such that its parameters capture physiologically relevant
mechanical behavior at the macro- and micro-scale. This
constitutive model represents the collagen ﬁbril, network,
and non-ﬁbrillar extracellular matrix (ECM) as separate components that combine to determine the overall mechanical
response of the tissue. As such, the material properties ﬁt
with this mechanistic model can help elucidate the mechanisms underlying changes in scleral biomechanics with age,
race, and IOP-driven remodeling associated with aging or
disease. This is not the case with many existing phenomenological constitutive models (Coudrillier et al., 2012; Downs
et al., 2005; Elsheikh et al., 2010; Woo et al., 1972), which are
accurate mathematical descriptions of the mechanical behavior but lack parameters that describe the underlying behavior of the connective tissue constituents, e.g., collagen ﬁbrils
and non-ﬁbrillar extracellular matrix (ECM).
The sclera is a living soft tissue and its material properties
evolve and change over time, e.g., through growth remodeling of its collagen structure. The underlying stimuli remain
unclear, although different mechanical stimuli have been
proposed to drive growth and remodeling in collagenous
soft tissues. Most existing computational formulations use
macroscopic stress or strain variables at the tissue level to
motivate growth and remodeling (Taber and Humphrey, 2001;
Gleason and Humphrey, 2004; Hariton et al., 2007; Ricken
et al., 2007; Driessen et al., 2004; Kuhl et al., 2005; Himpel
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et al., 2008; Kuhl and Holzapfel, 2007; Driessen et al., 2008;
Hariton et al., 2007; Grytz and Meschke, 2010; Grytz et al.,
2011a). An increasing number of studies of anisotropic
growth and remodeling theories assume the existence of a
homeostatic tissue strain or stress value in the direction of
the collagen ﬁbril (Watton et al., 2009; Nagel and Kelly, in
press; Zeinali-Davarani et al., 2011a,b; Martuﬁ and Gasser,
2012). Recently, we proposed a homeostatic strain control
mechanism at the collagen ﬁbril level to motivate the
thickening of the lamina cribrosa in early stages of experimental glaucoma (Grytz et al., 2011b). Recent experimental
evidence also points toward the existence of a homeostatic
control mechanism at the collagen ﬁbril level in collagenous
soft tissues (Camp et al., 2011; Flynn et al., 2010; Bhole et al.,
2009; Foolen and van Donkelaar, 2010). To investigate the
potential homeostatic strain control mechanism in the posterior sclera, we calculated the relative differences in different strain variables across the scleral shell. We computed
strain variables at the different length scales of our constitutive model to determine if these variables were uniform
across the scleral shell and therefore could be considered as
candidate variables driving homeostatic strain control.
The outline of this manuscript is as follows. In Section 2
the experimental and computational methods are presented
that were used to estimate the material properties of the
posterior human sclera. The results of the inverse analysis
and the investigation of the different strain measures are
presented in Section 3. We discuss the obtained results and
the limitations of this study in Section 4. The theoretical
background of our microstructure based constitutive formulation
and the calculation of the cost function, which was used for the
inverse analysis, are summarized in the Appendices A and B,
respectively.

2.

Materials and methods

2.1.

Inﬂation testing and laser speckle interferometry

2.1.1.

Human donor specimens

Nine pairs of eyes from normal human donors aged 20–90
years old (average age of 56.7, 12 males, 8 females) were
obtained from the Lions Eye Bank of Oregon in Portland,
Oregon and the Alabama Eye Bank in Birmingham, Alabama.
Donor eyes were deemed normal by next-of-kin questionnaire; donors with a history of glaucoma, severe myopia,
diabetes, or gross anatomic abnormalities on inspection were
excluded. All specimens were stored in isotonic saline at 4 1C
immediately after enucleation and tested within 48 h post
mortem as follows.
The surface strain data for these donor eyes were published in a previous report focused on regional and sectorial
mechanical strain variations calculated directly from experimental inﬂation tests (Fazio et al., 2012). In the current study,
we ﬁt our mechanistic constitutive model formulation to the
inﬂation test displacement data using a new inverse ﬁnite
element technique in order to estimate material property
parameters for these same eyes.
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2.1.2.
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Inﬂation testing, B-spline based displacement ﬁtting

The custom scleral inﬂation testing apparatus and general
protocol used in this work have been described in the
previous studies (Fazio et al., 2012; Girard et al., 2009a,c).
Brieﬂy, the scleral inﬂation testing apparatus consists of a
clamping stage with a sealed chamber atop, which allowed
the posterior third of the eye to be pressurized while the
spezimen was immersed in physiologic phosphate buffered
saline solution (PBS). Each eye was preconditioned using
20 pressurization cycles at a rate of 5 mmHg per second
and then allowed to recover for 15 min. Each eye was then
pressurized from 5 to 45 mmHg in small steps of 0.01–
0.2 mmHg, while scleral surface displacements were recorded
using a commercial laser speckle interferometer (ESPI; Q-100,
Dantec Dynamics A/S, Denmark). A starting pressure of zero
could not be used since the posterior scleral shell does not
maintain its shape at that pressure. The pressure testing was
performed at room temperature.
Following inﬂation testing, the outer surface of each
posterior sclera was acquired using a 3D digitizer (MicroScribe
G2X, Immersion, San Jose, CA; nominal resolution of ∼ 0.2 mm)
while the shell was pressurized to 10 mmHg. A customized
B-spline ﬁtting system was used for obtaining continuous
and differentiable analytical functions that deﬁne the threedimensional displacement ﬁeld over the entire posterior third
of the scleral surface as described previously (Fazio et al.,
2012). Scleral thickness was measured with ultrasound at
20 predetermined locations as previously described (Girard
et al., 2009a) and then continuously interpolated between the
discrete measurement locations. The ONH tissues were
assumed to be the same thickness as the surrounding sclera
(i.e., thickness was interpolated continuously across the
posterior pole). These surface geometry and scleral thickness
data were combined into eye-speciﬁc ﬁnite element models
as described below.

2.2.

Microstructure-based constitutive model

The mechanical response of the human sclera is determined
by the material properties and structural morphology of its
constituents: collagen ﬁbrils, elastin, cross-link density, nonﬁbrillar ECM, and other constituents. As part of our ongoing
efforts to elucidate the intrinsic material properties of ocular
tissues, we developed a microstructure-based constitutive
theory that incorporates the crimping and anisotropic orientation distribution of collagen ﬁbrils, wherein ﬁbrillar collagen is assumed to be the main load-bearing constituent
of the load-bearing ocular tissues (Grytz, 2008; Grytz and
Meschke, 2009, 2010).

2.2.1.

Micro-scaler

At the micro-scale, scleral collagen ﬁbrils crimp or buckle as
IOP is lowered and the ﬁbrils become unloaded. Grytz and
Meschke (2009) derived the one-dimensional elastic response
of a collagen ﬁbril assuming that the ﬁbril crimps into a helix
when unloaded (Fig. 1). The collagen ﬁbril uncrimps under
tension, which leads to the nonlinear stiffening typical of
collagenous tissue. The stretch level at which the collagen
ﬁbrils straighten marks a characteristic point in the nonlinear
elastic (stress-strain) response of the model and is hereafter

Fig. 1 – Multi-scale model of the posterior scleral shell. At the
macro-scale, a spherical coordinate system θi is deﬁned that
ﬁts the scleral surface best with the polar axis going through
the center of the ONH. A1 and A2 are base vectors projected
onto the scleral surface following the meridional θ1 and
circumferential direction θ2 . At the meso-scale, the collagen
architecture is represented by one family of collagen ﬁbrils
assuming a von Mises distribution of the ﬁbril orientations. ϕp
– the angle that deﬁnes the preferred orientation M with
respect to the circumferential direction A2 ; b – the
concentration parameter that deﬁnes the degree of alignment
of the collagen ﬁbrils with respect to the preferred orientation
M (b¼ 0: randomly distributed ﬁbrils in the scleral plane;
b ¼ ∞: perfectly aligned ﬁbrils along M). At the micro-scale,
collagen ﬁbrils are assumed to crimp into a helix when the
sclera is unloaded. λaxial illustrates the stretch in the axis of a
collagen ﬁbril, which is used to calculate the average collagen
network strain, and ϵfib illustrates the collagen ﬁbril strain at
the micro-scale. θ0 – the crimp angle; R0 – the radius of the
helix; r0 – the radius of the collagen ﬁbril crossection.

called the locking stretch. The elastic response of the collagen
ﬁbril is deﬁned by one stiffness parameter, the elastic modulus
of the collagen ﬁbril Efib , and two micro-structural parameters
that deﬁne its crimp geometry, the crimp angle θ0 , and the
ratio between the crimp amplitude and the ﬁbril crossectional radius R0 =r0 .

journal of the mechanical behavior of biomedical materials 29 (2014) 602 –617

2.2.2.

Meso-scale

At the scleral meso-scale, collagen ﬁbrils aggregate and form
complex architectures with directional (anisotropic) stiffness.
We assume that collagen ﬁbrils are tangent to the scleral
surface as observed in the previous histologic studies
(Watson and Young, 2004). We use a semicircular von Mises
distribution function to describe the anisotropic collagen
ﬁbril orientation distribution in which ϕp is an angle that
deﬁnes the preferred orientation and b is the concentration
parameter of the collagen ﬁbril distribution (Fig. 1) (Grytz,
2008; Girard et al., 2009b). Collagen ﬁbrils are randomly
oriented in the scleral plane for b¼ 0 and become increasingly
aligned along the preferred orientation for increasing values
of b. A detailed discussion on the anisotropic material
response for varying meso-structural parameters is provided
in our previous publication (Girard et al., 2009b).

2.2.3.

Macro-scale

We assume that the anisotropic collagen network is embedded
in a nearly incompressible non-ﬁbrillar tissue matrix with
isotropic (orientation independent) material properties. This
isotropic tissue matrix represents all non-collagenous tissue
components (e.g., elastin, glycosaminoglycans, proteoglycans, cells, and ﬂuid), as well as the isotropic component of
the collagen ﬁbril network. The isotropic elastic response of
the tissue matrix is described by the shear modulus μ.
In total, the constitutive model contains two micro-structural
parameters (θ0 , R0 =r0 ), two meso-structural parameters (ϕp , b),
and two stiffness parameters (μ, Efib ). In contrast to phenomenological constitutive models that describe elastic behavior
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but whose formulation has no physical relevance (Coudrillier
et al., 2012; Downs et al., 2005; Elsheikh et al., 2010; Woo et al.,
1972), the structural parameters of our mechanistic model
have clear physical interpretations and can be directly
obtained from experimental observations. The strain energy
density function and main equations of the constitutive
theory are presented in Appendix A.

2.3.

Eye-speciﬁc ﬁnite element (FE) modeling

2.3.1.

FE mesh

The surface geometry and thickness of each posterior scleral
shell were obtained experimentally as described above and
combined to generate eye-speciﬁc FE models. The FE mesh
was comprised of 256 quadratic hexahedral elements for
the posterior sclera and 80 for the ONH using one element
through the shell thickness (Fig. 2a). We used a ﬁtted, eyespeciﬁc model to test the appropriateness of this mesh
density in terms of numerical accuracy. This mesh convergence test showed that doubling the mesh density in both inplane directions and in thickness direction changed the
displacement predictions of the model by less than 5%. Based
on this test the mesh density was considered sufﬁcient to
ensure numerical accuracy of the results.

2.3.2.

Boundary conditions

The posterior sclera for each eye was clamped to a custom-built
pressurization apparatus to determine inﬂation-induced displacements. Scleral clamping was achieved by positioning the
posterior scleral shell onto a radiused plastic ring and then

Fig. 2 – (a) The eye-speciﬁc FE mesh of one eye showing the posterior scleral shell and the lamina cribrosa. The mesh captures
the original shape and thickness of each eye. (b) Section through the FE mesh showing the boundary conditions at the clamp,
including the simple support at the outer surface and the spring support through the scleral thickness. (c) The extended mesh
(red lines) used to model local variations in the collagen ﬁbril architecture by interpolating the meso-structural parameters (ϕp ,
b) between the control points (red and green circles). A standard bi-linear interpolation of the control point values is performed
in the spherical coordinate space for each element of the extended mesh. The extended mesh extends beyond the posterior
scleral boundaries, where control points 13–16 are located at the virtual equator of the eye. d1, d2 represent variable meridional
distances. The extended mesh can be rotated by an offset angle offset. The meso-structural parameters (ϕp , b) are pre-deﬁned at
the red control points and ﬁtted at the green control points. (For interpretation of the references to color in this ﬁgure caption, the
reader is referred to the web version of this article.)
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elevating a vertical stage to squeeze the sclera between the ring
and the machined conical surface of a ﬁxed, stainless steel
clamping plate. Modeling the mechanical boundary conditions
at the scleral clamping site presents several challenges, as the
clamping process squeezes and prestresses the tissue and the
degree to which the clamping process constraints the deformation of the scleral shell is likely eye-speciﬁc. Previously, we
assumed that scleral deformations were perfectly constrained
throughout the scleral thickness between the plastic ring and
the clamping plate (a ﬁxed boundary condition) (Girard et al.,
2009a). Preliminary studies showed that this approach is
reasonable for nonhuman primate scleral shells but over
constrains human scleral shells, which is likely due to the
signiﬁcantly greater thickness of human sclera. As a result, we
used eye-speciﬁc boundary conditions that allow us to adjust
the stiffness of the clamping constraint such that the computational model best ﬁt the experimental displacements. At the
clamp, we assume a simple support at the outer surface of the
sclera and spring support through the scleral thickness (Fig. 2b).
Our experimental clamping condition does not result in a
perfectly rigid support, and therefore this spring support represents the experimental condition more accurately than a ﬁxed
boundary condition. The eye-speciﬁc boundary conditions
require the ﬁtting of a spring stiffness k for each eye, which
was ﬁtted as an unknown parameter in the inverse identiﬁcation algorithm presented in the subsequent section. The ﬁtted
eye-speciﬁc boundary conditions were found to signiﬁcantly
improve the quality of the material property ﬁts compared to a
ﬁxed boundary condition.

2.3.3.

Extended FE mesh

To model local differences in tissue anisotropy (ZeinaliDavarani et al., 2011a), we used an extended mesh on the
outer scleral surface that allowed us to interpolate the mesostructural parameters (ϕp, b) across the entire posterior scleral
shell beyond the clamp boundary (Fig. 2c). The extended

mesh contains 16 control points at which the parameters ϕp,
b must be deﬁned. The extended mesh is deﬁned with respect
to a spherical coordinate system, which was deﬁned such
that the polar axis is going through the center of the ONH and
the origin of a sphere that best ﬁts the posterior scleral shell
(see Fig. 1). A standard bi-linear interpolation along the
spherical coordinates is performed for each element of the
extended mesh. The interpolated values are used to solve the
constitutive equations at each Gauss point of the regular
(non-extended) FE mesh (Appendix A).

2.4.

Inverse parameter identiﬁcation

2.4.1.

Model assumptions

We assume that the stiffness parameters (μ, Efib ), as well as
the micro-structural parameters (θ0 , R0 =r0 ) are uniform across
the entire scleral shell for each eye. The meso-structural
parameters that deﬁne local anisotropy (ϕp , b) are deﬁned
at the 16 control points of the extended mesh. To reduce
the number of unknowns, further assumptions were made
regarding the meso-structure. In accordance with the previous experimental (Goldbaum et al., 1989; Winkler et al.,
2010) and numerical studies (Grytz et al., 2011a), the alignment of collagen ﬁbrils around the scleral canal was assumed
to be circumferential by setting ϕp ¼ 0 and b¼ 10 at control
points 1–4 (Fig. 2). At the equator, collagen ﬁbrils were
assumed to be planar isotropic by setting ϕp ¼ 0 and b¼ 0
at control points 13–16. To further reduce the number of
unknowns, the preferred orientation angles at the periphery
of the scleral shell (ϕp;9 ¼ ϕp;10 ¼ ϕp;11 ¼ ϕp;12 ) were assumed to
be identical. In total, the inverse FE problem for each eye
consisted of 21 unknown parameters as summarized in
Table 1. The lower and the upper limits assumed for each
parameter (Table 1) were enforced by using the bounce back
method (Price et al., 2005).

Table 1 – Fitted parameters describing the scleral material response, including the assumed lower and upper limits of the
parameter search space. The limit values in brackets represent the bounds of the ﬁrst random population of the global
differential evolution method (Section 2.4.2) if different from the parameter search space.
Parameter

Number of
unknowns

Lower
limits

Upper limits

Micro-scale (collagen ﬁbril):
crimp angle
θ0
ratio between crimp amplitude and cross-section radius
R0 =r0
elastic modulus of the collagen ﬁbrils
Efib

1
1
1

21
1
10.0 MPa

∞ (81)
10
∞ (100 MPa)

Meso-scale (collagen architecture):
preferred collagen ﬁbril orientations at each control point 5–8
ϕp;5 –ϕp;8

4

−901

901

ϕp;9−12

1

−901

901

collagen ﬁbril concentration parameters at each control point 5–
12
Macro-scale (posterior scleral shell):
μ
shear modulus of the tissue
k
surface spring stiffness for the clamping boundary condition

8

0

∞ (5)

1
1

0.01 MPa
0

offset
d1
d2

1
1
1

−451
51
151

∞ (1 MPa)
∞ (100 N/
mm3)
451
151
451

one preferred collagen ﬁbril orientation for control points 9–12

b5–b12

Total

circumferential offset of the extended mesh
meridional distance between control points 1–4and 5–8
meridional distance between control points 5–8 and 9–12

21
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For the sake of simplicity, the ONH tissues (including the
lamina cribrosa) were modeled by interpolating the scleral
thickness measurements across the scleral canal. To compensate for the ONHs lower structural stiffness, which results
from the signiﬁcantly lower thickness and collagen ﬁbril
density of the lamina cribrosa compared with the surrounding sclera, the stiffness parameters of the ONH were reduced
by a factor of 15 compared to the scleral values (Efib ; ONH ¼
Efib ; Sclera=15). The micro-structural parameters (θ0 , R0 =r0 )
were set to the scleral values. The ONH was also assumed
to have planar isotropic oriented collagen ﬁbrils (bONH ¼ 0).

2.4.2.

Cost function

A crucial part of any inverse optimization scheme is the
deﬁnition of an objective cost function that deﬁnes the
quality of the ﬁt. Let cost be the cost function that must be
minimized by the optimization algorithm. We propose a cost
function that is based on the sum of squared residuals (error)
when comparing the FE model and the experimental displacements, integrated over the outer surface of the sclera. To
accurately capture the nonlinear stiffening of the sclera, we
sum the cost over nine IOP elevation ranges (from 5 mmHg to
7, 10, 15, 20, 25, 30, 35, 40, and 45 mmHg). The cost function is
both normalized and weighted such that each IOP level and
each displacement component (X, Y, and Z) have a similar
overall impact on the cost function. Detailed derivations of
the cost function are presented in Appendix B. To neglect
unphysical solutions from the search space of the ﬁtting
algorithm, a penalty function, penalty, was used. The penalty
function was deﬁned based on the assumption that at least
80% of scleral collagen ﬁbrils uncrimp for a pressure elevation
from 5 to 45 mmHg (see Appendix B). The penalty function
was found to effectively remove unphysical solutions and to
improve the convergence rate of the inverse problem.

2.4.3.

Global optimization approach

The inverse ﬁnite element problem of each posterior scleral
shell presents a large-scale optimization problem characterized by multiple local minima in the cost function. The
differential evolution (DE) approach initially proposed by
Storn and Price (1997) has proven to be a robust algorithm
in many applications that converges faster and with more
certainty than many other global optimization schemes.
Recent advances in the DE approach were summarized by
Neri and Tirronen (2010). We use the DE algorithm recently
proposed by Brest and Maučec (2010). This algorithm was
designed to solve large-scale optimization problems with
multiple local minima similar to the inverse problem presented here. The initial control parameters of the algorithm
were chosen as proposed by Brest and Maučec (2010) except
for the maximum number of iterations, which was set to
2000. We tested the convergence properties and the repeatability of the method by solving ﬁve independent trials for
two inverse problems.

2.4.4.

High performance computing (HPC)

Global optimization schemes such as the algorithm used in
this study require a large number of cost function computations (number of iteration times the size of the population). In
the present case, each cost calculation represents the solution
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of a nonlinear eye-speciﬁc FE model, which takes about
1–1.5 min solution time on a standard PC. Approximately
47,000 cost calculations are necessary to perform one eyespeciﬁc scleral material property ﬁt, which would require
33–51 days on a standard PC. To handle this high demand
on computational calculations in a reasonable amount of time,
a parallelized solution strategy was developed. DE algorithms
are parallel in nature and well suited for parallel computing
strategies. We developed a HPC strategy that largely follows a
master-slave scheme running on approximately 160 idle CPU
cores distributed among the Apple Mac Pro workstations in
our department. This HPC setup led to an average solution
time of 13 h for each eye-speciﬁc global optimization problem.

2.4.5.

Prestress

In general, the posterior human sclera maintains its spherical
shape at zero IOP but it may buckle locally. To exclude the
potential for unbuckling of the scleral shell during the inﬂation
tests, we preloaded the shells with 5 mmHg IOP prior to
displacement recording (Fazio et al., 2012). This preload
induces a prestress state that needs to be taken into account
in the inverse parameter identiﬁcation process if one seeks to
identify the intrinsic material properties of the sclera. The FEmesh was constructed using scleral surface geometric information collected at an IOP of 10 mmHg (Fazio et al., 2012)
while the preload of the tissues for the inﬂation test was
5 mmHg. The scleral shell deforms from 0 to 10 mmHg, but
these deformations are small (Fazio et al., 2012), and below the
250 μ m resolution of the 3D digitizer we used to collect the
scleral surface geometry data. We recently proposed a new
numerical method (Grytz and Downs, in press) to accurately
calculate this pre-existing stress state. However, we have also
shown that an indirect approach (Grytz and Meschke, 2010;
Grytz and Downs, in press) using relative displacements was
suitable for the inverse parameter identiﬁcation of scleral
elasticity from inﬂation tests. The indirect approach requires
signiﬁcantly less computational time than the accurate
method and was found to perform better (Grytz and Downs,
in press) compared to an alternative approach based on
relative IOP values (Girard et al., 2009a,c). Considering
the large number of calculations and the associated computational cost, we applied the indirect method using relative
displacements (Grytz and Downs, in press) in the present
study to estimate the prestressed state of each eye.

2.5.

Strain variables as candidates for homeostatic control

To determine if tissue and ﬁbril level strains were uniform
across the posterior sclera and therefore could be considered
as candidate variables for homeostatic strain control, we
investigated the relative differences in strain across the
scleral shell at the macro-scale and collagen ﬁbril level. To
accomplish this, the results of the inverse FE models were
analyzed with respect to strain predictions obtained at the
different length scales of the multi-scale model. We used four
strain-based measures: (i) the in-plane strain, which represents
the average tissue strain in the scleral shell plane; (ii) the
collagen network strain, which represents the average axial
strain within the dispersed collagen ﬁbril orientations;
(iii) the collagen ﬁbril strain; and (iv) the percentile of locked
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collagen ﬁbrils, which represents the percentile of scleral
collagen ﬁbrils that are straightened (uncrimped). The mathematical deﬁnition of the different strain-based values can be
found in Appendix A and a graphical illustration of the
collagen ﬁbril strain is shown in Fig. 1. Average strain-based
measures were computed for the peripapillary and midperipheral regions. The peripapillary region was deﬁned as
a 10-degree-wide band adjacent to the ONH (approximately
2.2 mm wide) and the mid-peripheral region was deﬁned for
each eye such that it had the same surface area as the
peripapillary region. We calculated the volume average of
the strain responses in these two regions within each eye. We
used linear mixed effects statistical models, which account
for the difference between intra- and inter-donor variability,
to determine if strains were signiﬁcantly different between
the two regions.
The overall IOP-dependent elastic response of the inverse
model is primarily dictated by the two stiffness parameters
(μ, Efib ) and the two micro-structural parameters (θ0 , R0 =r0 ). To
investigate the variation and the biomechanical implications of
these model parameters on IOP-dependent scleral elasticity, a
parametric study was performed. The eye-speciﬁc model that
exhibited the set of ﬁtted model parameters closest to the mean
values for the entire group was used for the parametric study. To
investigate the sensitivity and the physical interpretations of the
material property parameters, the four strain-based measures
introduced above were computed for the peripapillary and midperipheral region by setting one of the four constitutive parameters to the minimum and maximum values of the ﬁtted range
while keeping the other parameters at their mean values.

3.

Results

3.1.

Convergence and repeatability

To test the convergence properties and the repeatability of
the global optimization approach, ﬁve independent trials of
the inverse problem for both eyes of Donor 1 were solved
with inputs randomly chosen from within the minimum and
maximum limits stated in Table 1. The ﬁtted material and

micro-structural parameters for the different trials are presented in Table 2. The ﬁve trials of both eyes yield nearly
identical results, with less than 0.5% difference between
the ﬁtted model parameters. These results suggest that the
self-adaptive global DE optimization approach can effectively
reproduce a global convergence of the inverse problems
within 2000 iterations.

3.2.

Inverse FE results

The ﬁtted stiffness and micro-structural parameters of each
eye are presented together with their minimized cost values
in Table 3. The results show a wide variability for the shear
modulus, elastic modulus, and collagen ﬁbril geometry ratio
R0 =r0 . Fig. 3 shows that the three-dimensional experimental
displacements are a close match to the numerical predictions
for both eyes of Donor 1, which was typical for all eyes in the
study. The predicted FE displacements were in good agreement with both: (i) the overall nonlinear displacement
response at the different IOP levels between 5 and 45 mmHg,
and (ii) the localized deformation patterns of the experimental measurements. The ﬁtted predominant collagen orientation maps for these two eyes are also shown in Fig. 3,
showing the circumpapillary ring of collagen ﬁbrils. Fig. 4
shows the average predominant collagen ﬁbril orientations
averaged across all eyes, plotted for eight sectors of the
peripapillary and mid-peripheral regions, respectively. All
eyes were characterized by a circumferentially aligned ring
of collagen ﬁbrils in the peripapillary region and a more
random ﬁbril distribution in the peripheral sclera. It should
be noted that a circumpapillary ring of collagen ﬁbrils was the
initial condition in the models, but its dimension and the
degree to which the ﬁbrils orient away from the circumferential direction was ﬁt along with the remainder of the
parameters.
The predicted in-plane strain, the collagen network strain, the
collagen ﬁbril strain, and the percentile of locked collagen ﬁbrils, are
plotted for each eye together with the mean response in Fig. 5.
A large variability can be observed throughout the four strainbased responses. While the in-plane strain is signiﬁcantly

Table 2 – The ﬁtted material and microstructural parameters, as well as the optimized cost, calculated for ﬁve independent
trials of the inverse ﬁtting process for both eyes of Donor 1.
Eye

Trial

Shear modulus
μ (MPa)

Elastic modulus
Efib [MPa]

Crimp angle
θ0 (1)

Ratio
R0 =r0

Cost

Right

1
2
3
4
5

0.0643
0.0643
0.0644
0.0644
0.0643

27.4791
27.4774
27.4974
27.5238
27.4605

6.4732
6.4734
6.4719
6.4727
6.4735

4.6019
4.5996
4.6180
4.6194
4.6016

1.0313
1.0313
1.0313
1.0313
1.0313

0.25%

0.23%

0.03%

0.43%

0.00%

0.5867
0.5863
0.5867
0.5866
0.5864

22.5453
22.5503
22.5296
22.5337
22.5524

3.7879
3.7881
3.7878
3.7872
3.7878

1.9108
1.9090
1.9117
1.9093
1.9102

0.4596
0.4596
0.4596
0.4596
0.4596

0.08 %

0.10 %

0.02 %

0.14 %

0.00 %

Max. diff.

Left

Max. diff.

1
2
3
4
5
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Table 3 – The ﬁtted stiffness and microstructural parameters including the optimized cost of the inverse models of the 18
donor eyes. M – male; F – female; R – right; L – left; STDEV – standard deviation.
Donor

Sex

Age

Eye

Shear modulus
μ (MPa)

Elastic modulus
Efib (MPa)

Crimp angle
θ0 (1)

Ratio
R0 =r0

Cost

1

M

81

2

M

80

3

F

66

4

F

77

5

F

82

6

M

90

7

M

78

8

M

88

9

F

57

R
L
R
L
R
L
R
L
R
L
R
L
R
L
R
L
R
L

0.13
0.59
0.45
0.29
0.25
0.11
0.82
0.09
0.18
0.26
0.24
0.42
0.37
0.21
0.40
0.69
0.23
0.26

27.48
22.53
45.48
24.79
42.30
32.67
71.51
23.83
25.48
25.49
59.83
35.50
40.69
19.31
16.32
67.23
70.97
101.53

6.47
3.79
4.49
6.08
6.31
6.99
3.87
6.92
6.10
5.16
4.49
5.26
5.58
7.25
3.97
2.84
6.21
4.54

4.60
1.91
3.29
2.51
4.19
10.00
5.03
4.00
5.59
3.50
2.04
4.40
4.73
2.37
10.00
1.45
8.98
3.10

1.03
0.46
0.41
0.69
0.72
1.41
0.84
0.61
1.29
1.23
0.32
0.83
0.81
0.68
0.84
0.66
0.92
1.31

0.33
0.20

41.83
23.37

5.35
1.28

4.54
2.63

0.84
0.31

Mean
STDEV

77.67
10.05

higher in the peripapillary region (po0:001), there are no
signiﬁcant regional differences in the collagen network and
ﬁbril strains (p¼0.11 and 0.34, respectively). For IOP ranges
between 0 and ∼ 20 mmHg, the in-plane and the collagen
network strain curves show a nonlinear stiffening of the tissue
and the collagen network, respectively. These strain responses
become almost linear for IOPs larger than 20 mmHg, because
the majority of collagen ﬁbrils have straightened (locked) at that
IOP. At the collagen ﬁbril level, the strains follow an almost
linear pattern through the entire IOP range. The collagen ﬁbril
strains at the micro-scale are much smaller than the strain
measures at the higher scales. At an IOP of 15 mmHg, the mean
values of the collagen ﬁbril strain over both regions were
0:04670:025%, collagen network strain was 0:4470:2%, and
the in-plane strain was 1:0970:48%. In both regions, the
percentile of ﬁbrils that are stretched beyond their locking point
increases with IOP, and the majority of collagen ﬁbrils are
recruited to participate in bearing the IOP load between 7 and
20 mmHg.

3.3.

Parameter study

The right posterior scleral shell of donor 7 was used for a
parametric study as its ﬁtted model parameters were closest
to the mean values of all the eyes in this study. The
independent effects of the two macro-structural (μ, Efib ) and
two micro-structural parameters (θ0 , R0 =r0 ) on the in-plane
strain, the collagen network strain, the collagen ﬁbril strain, and
the percentile of locked collagen ﬁbrils are shown in Fig. 6. For
each parameter, the response curves for the maximum,
minimum, and mean parameter values (Table 3) were compared, while the other model parameters were kept at their
mean values.
At the macro-scale, the in-plane strain was higher in the
peripapillary region compared to the mid-periphery for each

of the parameter variations. An increasing shear modulus (μ)
led to an overall stiffening of the tissue and vice-versa. An
increase in the elastic modulus of collagen ﬁbrils (Efib )
increased the tissue stiffness at IOP levels 10 mmHg and
higher and vice-versa. An increasing collagen ﬁbril crimp
angle (θ0 ) increases the in-plane strain by a constant shift of
the response curve and vice-versa. Variation in the collagen
ﬁbril geometry ratio R0 =r0 only had a very small impact on the
tissue stiffness around the transition region between the soft
and stiff tissue response (at an IOP of ∼10 mmHg).
At the meso-scale, the aforementioned parameter variations elicited similar effects on the collagen network strain
curves compared to the in-plane strain except for the following
observations: the IOP-dependent collagen network strains are
almost identical for the peripapillary and mid-peripheral
regions; the shear modulus has an signiﬁcant lower impact
on the collagen network strain compared to the in-plane strain;
and variations in the collagen crimp angle have the greatest
impact on the variation of collagen network strain.
At the micro-scale, the collagen ﬁbril strain and the percentile
of locked collagen ﬁbrils were similar between the peripapillary
and the mid-peripheral regions for the different parameter
variations. The elastic modulus of the collagen ﬁbrils had the
most signiﬁcant effect on the collagen ﬁbril strains.

4.

Discussion

An inverse numerical ﬁtting strategy was proposed to identify
material properties of posterior human scleral shells using
three-dimensional, full-ﬁeld displacement measurements
from experimental inﬂation tests. The model is based on a
mechanistic constitutive formulation (Grytz and Meschke, 2009)
that derives the inhomogeneous, hyperelastic, and anisotropic
nature of the scleral material response from the microstructure
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Fig. 3 – Top: columns show the comparison of experimentally measured and FE model-predicted displacements for both eyes
(both shown in right eye conﬁguration) of one donor (81 years old) for three IOP elevations from 5 to 15, 30, and 45 mmHg. The
rows show the comparison between the experimentally measured and computationally predicted meridional, circumferential,
and radial surface displacements. Column and row-wise comparisons show that the predicted displacements are in good
agreement with both: (i) the overall nonlinear displacement response and (ii) the localized deformation patterns of the
experimental measurements. Bottom: the predicted collagen ﬁbril architecture for both eyes showing the concentration of
collagen ﬁbrils (contour plot) along their preferred orientations (white lines). A ring of circumferentially aligned collagen ﬁbrils is
seen in the peripapillary scleral region around the scleral canal. Exp. – experimental.

collagen ﬁbrils. The proposed inverse model was found to
reproduce both the overall and local deformation response of
the posterior scleral shells from individual eyes. The ﬁtted
material parameters of our mechanistic model have a clear
physical meaning and can be compared to direct experimental observations. As such, the material properties ﬁt with this
model can help elucidate the mechanisms underlying microand macroscopic changes in scleral biomechanics with age,
race, and IOP-driven remodeling in glaucoma.
The proposed constitutive model is based on the sum of
isotropic and anisotropic strain energies, where the latter is
assumed to represent the elastic contribution of the

anisotropic collagen ﬁbril architecture. Based on the 9 pairs
of human eyes investigated here (57–90 years old), the inverse
analysis showed a large variation in the estimated model
parameters. The estimated elastic modulus (per tissue volume)
of collagen ﬁbrils, Efib , was 41:83723:37 MPa (mean, standard
deviation) and the crimp angle of collagen ﬁbrils, θ0 , was
5:35171:281. These values are very close to our previous
estimates (Efib ¼ 37:42 MPa, θ0 ¼ 5.091) (Grytz, 2008; Grytz and
Meschke, 2010), which were based on ﬁtting parameters to
experimental inﬂation measurements for a single meridional
section as reported by Woo et al. (1972). The estimated shear
modulus of the human sclera (μ ¼ 0:3370:2 MPa) and the ratio
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Fig. 4 – Average collagen ﬁbril density distributions in 8
sectors of the peripapillary and mid-peripheral region of the
sclera averaged over all eyes, as represented by individual
polar plots of the average collagen ﬁbril distribution at each
sector location. A high concentration of collagen ﬁbrils in the
circumferential direction can be seen across all sectors of the
peripapillary region. More randomly organized collagen ﬁbril
orientations are observed in the mid-peripheral region.
between the crimp amplitude and the cross-section radius of
collagen ﬁbrils (R0 =r0 ¼ 4:5472:6) were signiﬁcantly higher
than our previous estimates of 0.01 MPa and 1.09, respectively
(Grytz, 2008; Grytz and Meschke, 2010). This difference may
be the result of the much simpler modeling approach used in
our previous work (Grytz, 2008; Grytz and Meschke, 2010) and/
or the one-dimensional displacement measurements by Woo
et al. (1972). The three-dimensional, full-ﬁeld displacement
measurements, coupled with the much more sophisticated
modeling and ﬁtting approach used here, provide the best
estimates reported to date for human scleral material properties. The rather high shear stiffness we report may relate to a
high concentration of collagen crosslinks or the existence of a
large isotropic component of the collagen ﬁbril network, the
presence of which has been suggested by Girard et al. (2011a)
based on recent work in the rat sclera.
We also estimated local differences in the anisotropic
collagen ﬁbril architecture for each eye. While the model
parameters associated with scleral collagen ﬁbril anisotropy
were constrained within certain limits, recurring structures
were observed in the ﬁtted results. A circumpapillary ring of
collagen ﬁbrils surrounding the scleral canal was a characteristic structure in all eyes, which is in agreement with the
experimental observations (Goldbaum et al., 1989; Winkler
et al., 2010; Girard et al., 2011a; Pijanka et al., 2012) and
previous numerical predictions (Girard et al., 2009a; Grytz
et al., 2011a; Girard et al., 2011b). At the periphery of
the posterior sclera, collagen ﬁbrils were estimated to be
more randomly oriented, which has also been observed
experimentally (Boote et al., 2010).
The use of a microstructurally motivated constitutive
model allowed for the numerical investigation of IOPdependent scleral strains at different length scales that have
different interpretations and ramiﬁcations. At the macroscale, the in-plane strains were found to be signiﬁcantly
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higher in peripapillary region than in the mid-periphery,
which matches our recent direct calculations of macro-scale
scleral strain in these same eyes (Fazio et al., 2012). In
contrast, the collagen network and the collagen ﬁbril strains
that occur at the meso- and micro-scale were very similar
in both regions. This ﬁnding has implications for both the
resident cell populations and in determining the biomechanical signals and mechanisms that drive IOP-related scleral
remodeling processes. These ﬁndings suggest that the ﬁbrillevel strains are a candidate for driving the mechanisms that
maintain scleral mechanical homeostasis, while the tissue
level strains are not good candidates.
We have previously shown that the sclera stiffens in the
monkey eye when exposed to chronic IOP elevations (Girard
et al., 2011b). We hypothesized that this stiffening is a
remodeling mechanism that strives to maintain homeostatic
loading conditions at the collagen ﬁbril level (Grytz et al.,
2012). Recent experimental evidence supports the hypothesis
that evolution, growth, and remodeling mechanisms in soft
collagenous tissues are driven by the loading conditions of
the collagen ﬁbrils themselves (Camp et al., 2011; Flynn et al.,
2010; Foolen and van Donkelaar, 2010). Our ﬁnding that the
collagen network strain and collagen ﬁbril strain are similar in
the peripapillary and mid-peripheral regions even though the
macro-scale in-plane strains are different support this hypothesis. This ﬁnding also supports that both strain measures, the
collagen network strain and the collagen ﬁbril strain, are reasonable candidate variables to drive homeostatic strain control
in the sclera. In addition, previous modeling studies have
shown that IOP-related stress concentrates around the scleral
canal due to the presence of the more compliant ONH. Our
results further suggest that the ring of collagen ﬁbrils around
the scleral canal is necessary to establish optimal load
bearing conditions at the collagen ﬁbril level, while also
protecting the contained ONH from excessive strain induced
by scleral canal expansion. Previously, we estimated a
homeostatic collagen ﬁbril strain of 0.1% in our study on
the remodeling of the lamina cribrosa in early glaucoma
(Grytz et al., 2011b). In the present study, an average collagen
ﬁbril strain of 0:046%70:025% was identiﬁed for the peripapillary and mid-peripheral region at 15 mmHg IOP. Both
estimates are in the same order of magnitude, which supports the notion that collagen ﬁbril strain of this magnitude
represents a homeostatic zone for scleral collagen ﬁbrils.
Grytz and Meschke (2009) showed that the crimp angle
parameter and the collagen ﬁbril strain predictions of the
crimped collagen ﬁbril model compare well to experimental
measurements in rat tail tendons (Diamant et al., 1972) and
bovine Achilles tendons (Sasaki and Odajima, 1996), respectively. The collagen architecture of the sclera appears more
complex in that it incorporates interwoven and more randomly oriented lamellae. Consequently, inter-lamellar interactions are more likely to play an important role in the elastic
response of the scleral collagen network. Neither ﬁbril nor
lamellar interaction have been considered in the constitutive
model used here. Accordingly, it remains unclear to what
extent the collagen ﬁbril strain and the crimp angle computed in this study compare to the scleral microstructure and
its deformation in the living tissue, and they should therefore
only be considered as estimates.
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Fig. 5 – From top to bottom, IOP versus the average in-plane strain, average collagen network strain, the average collagen ﬁbril
strain, and the percentile of locked collagen ﬁbrils plots showing the model responses of all scleral shells (grey lines) and the
mean response (black lines) for the peripapillary scleral (left plots) and mid-peripheral region (right plots). The in-plane strain
and collagen network strain curves show the nonlinear and IOP-dependent stiffening of the sclera, while the collagen ﬁbril
strain increases nearly linear with increasing IOP. The average in-plane strain is higher in the peripapillary region than in the
mid-periphery, while the average collagen network and ﬁbril strains are almost identical for both regions. Collagen ﬁbrils start
to lock at about 7 mmHg and more ﬁbrils get recruited to bear the load for increasing IOP. All plots show a signiﬁcant variability
in the data set.

Our constitutive formulation does not directly model the
elastic response of cells, proteoglycans, elastin, glycosaminoglycans, and other extracellular tissue constituents because

the overall elastic response of all these constituents is
combined into one parameter, the shear modulus. Consequently, the contribution of each constituent to the material
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Fig. 6 – Parameter study using the posterior scleral shell from the right eye of Donor 7 and the range of model parameters
obtained from the ﬁtting analysis using the full range of ﬁtted parameters found in all the eyes. The inﬂuence of the two
stiffness parameters (shear modulus of the tissue, elastic modulus of collagen ﬁbrils) and two micro-structural parameters
(collagen ﬁbril crimp angle and ratio R0 =r0 ) on the IOP-dependent responses is shown for the peripapillary scleral (red) and midperipheral region (blue): from left to right, the average in-plane strain, average collagen network strain, the average collagen
ﬁbril strain, and the percentile of locked collagen ﬁbrils. For each parameter, the response for the maximum (dashed line with
triangles up), minimum (dashed line with triangles down) and mean values (solid lines) are compared, while keeping the other
model parameters at their mean values. The ﬁtted meso-structural parameters (b, ϕp ) were not varied. (For interpretation of the
references to color in this ﬁgure caption, the reader is referred to the web version of this article.)

properties or the interaction of these constituents with the
collagen ﬁbril network cannot be directly obtained from our
results. While it would be ideal to describe these separate
constituents with separate parameters in our constitutive
formulation, it would also increase the number of unknown
parameters that must be estimated. As our current model
already incorporates an accurate mathematical description
of the hyperelastic and anisotropic material response of the
sclera, the elastic contribution of any additional constituent
would overlap with the elastic contribution of existing parameters and diminish the repeatability and uniqueness of the
inverse ﬁtting procedure. If elastin contributes signiﬁcantly to
the anisotropic material response of the sclera, that behavior
will be captured in the model as part of the collagen network.
To incorporate additional constituents and mechanisms into
our model and to further elucidate the intrinsic material
properties of ocular tissues, additional experimental data will
be required to eliminate additional unknowns. In this context, mechanistic constitutive models have a clear advantage

over phenomenological models, as structural parameters
such as the crimp angle of collagen ﬁbrils (Diamant et al.,
1972; Hill et al., 2012) and the distribution of collagen ﬁbril
orientations (Girard et al., 2011a; Pijanka et al., 2012; Meek
and Quantock, 2001) can be directly obtained from experimental observations.
In other constitutive formulations, the nonlinear stiffening of soft collagenous tissues is derived from a load dependent recruitment of collagen ﬁbrils based on a distribution of
collagen ﬁbril undulation (Cacho et al., 2007; Lokshin and
Lanir, 2009; Martuﬁ and Gasser, 2011; Raz and Lanir, 2009). We
did not consider this, but assumed a constant collagen ﬁbril
crimp angle throughout the scleral shell. However, the model
still predicted a nonlinear recruitment of collagen ﬁbrils,
as demonstrated by the increase in the percentile of locked
ﬁbrils with increasing IOP. This effect is mainly driven by the
mechanism that in-plane strains are in general higher at the
exterior than at the interior surface of scleral shells subjected
to IOP. This in turn leads to an earlier recruitment of collagen
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ﬁbrils at the exterior surface of the scleral model, which is a
consequence of our model assumptions and might be different in the living tissue. If the homeostatic theory presented
above holds and collagen ﬁbrils are remodeled to reside at
homeostatic strain in the living tissue, collagen ﬁbrils should
have a wavier structure (higher crimp angle) at the exterior
surface compared to the interior surface when the sclera is
unloaded. However, this mechanism remains to be experimentally investigated.
The presented inverse material property identiﬁcation
method presents a novel strategy to elucidate intrinsic elastic
properties of the posterior sclera. The method presents a
promising tool to investigate biomechanical mechanisms
that may alter the elastic properties during aging or glaucoma. The parameter study quantiﬁed the effects of each of
the constitutive model parameters on the overall mechanical
response of the sclera, and thereby elucidates the physiological relevance of each parameter. The reported material
property parameter estimates provide the most comprehensive characterization of the human scleral mechanical
response, and can serve as inputs to future computational
models of the posterior scleral shell and ONH.

Appendix A.
model

Microstructure based constitutive

ðA:1Þ

The energy contribution of the ground substance is modeled
using an isochoric Neo-Hookean material model (Simo et al.,
1985)
Wiso ¼ 12μðJ−2=3 tr C−3Þ

ðA:2Þ

with J ¼ det F and C ¼ FT F, where F is the deformation gradient. The model contains one material parameter, the shear
modulus μ, which represents the isotopic stiffness of the
tissue. The pure hydrostaic part U controls the compressibility of the of the material and is deﬁned as
U ¼ 12κðln JÞ2

ðA:3Þ

where κ is the bulk modulus. The bulk modulus was set to
κ ¼ 1000 μ to model the near incompressibility of the sclera.
Let θi be a curvilinear spherical coordinate system that
was ﬁt to the posterior scleral shell with the polar axis going
through the center of the lamina cribrosa (see Fig. 1). The
related (orthonormal) base vectors Gi ¼ ∂X=∂θi can be obtained
by standard derivations (Başar and Weichert, 2000) at any
point X. To deﬁne the collagen ﬁbril architecture, the orthonormal basis Ai is introduced here. A2 is obtained from
projection of the circumferential direction G2 onto the scleral
surface, A3 is the normal vector of the experimentally
obtained scleral surface and A1 ¼ A2  A3 . Let e0 be a unit
vector deﬁned in the A1 –A2 plane by means of an Eulerian
angle ϕ∈½−π=2; π=2
e0 ðϕÞ ¼ sinðϕp þ ϕÞG1 þ cosðϕp þ ϕÞG2

λaxial ðϕÞ ¼ ðe0 ðϕÞCe0 ðϕÞÞ1=2

ðA:5Þ

This axial stretch can be used to compute the energy
contribution of collagen ﬁbrils Wfib ðλaxial ðϕÞÞ pointing in the
direction ϕ based on the microstructure-oriented model,
which was developed by Grytz and Meschke (2009) for
modeling crimped collagen ﬁbrils. See the original paper for
detail derivations of Wfib . The collagen network is assumed to
be composed of collagen ﬁbrils with distributed orientations
e0 . We use a normalized von Mises distribution function ρ to
deﬁne the in-plane distributed collagen ﬁbrils (Grytz, 2008;
Girard et al., 2009b)
ρðϕÞ ¼

expðb cosð2ϕÞÞ
I0 ðbÞπ

ðA:6Þ

where b is the concentration parameter and I0 the modiﬁed
Bessel function of the ﬁrst kind and order zero. The strain
energy function of the collagen network is represented by
the integral over the strain energy contributions of the collagen
ﬁbrils weighted by the distribution function ρ
Z π=2
ρðϕÞWfib ðλaxial ðϕÞÞ dϕ
ðA:7Þ
Wcol ¼
−π=2

Let the function describing the strain energy density W of the
scleral tissue be composed of three parts: the energy density
related to the isotropic tissue response Wiso , the anisotropic
collagen network Wcol , and a pure hydrostatic part U
W ¼ Wiso þ Wcol þ U

where ϕp is the angle that deﬁnes the preferred orientation of
the collagen ﬁbril network (see meso-scale in Fig. 1). The axial
stretch λaxial of one collagen ﬁbril pointing in direction ϕ can
be computed as

ðA:4Þ

We use a standard Gauss-Legendre quadrature of 15th order to
numerically compute the above integral. For further derivation
including the computation of stress and elasticity tensors see
our previous work (Grytz, 2008; Girard et al., 2009b).
To investigate the changing IOP-dependent elastic properties of the sclera at the different length scales of the purposed
constitutive model, we introduce the in-plane strain ϵIP
ϵIP ¼ JðA3 C−1 A3 Þ1=2 −1

ðA:8Þ

the collagen network strain ϵcol
Z π=2
ϵcol ¼
ρðϕÞðλaxial ðϕÞ−1Þ dϕ

ðA:9Þ

−π=2

and collagen ﬁbril strain ϵfib . The ﬁbril strain is derived from
the micro-scale model for crimped collagen ﬁbrils. See Fig. 1
for a graphical interpretation and the original paper for a
detailed derivation of ϵfib (Grytz and Meschke, 2009). Furthermore, the percentile of locked collagen ﬁbrils is introduced
Z
100 π=2
Hðλaxial ðϕÞÞ dϕ
ϑlock ¼
π −π=2
(
0; λaxial oλlock
with Hðλaxial Þ ¼
ðA:10Þ
1; λaxial ≥λlock
where λlock represents the locking stretch at which collagen
ﬁbrils straighten (uncrimp).

Appendix B.

Cost function

We propose a following cost function as an objective function
to estimate the quality of the inverse parameter ﬁtting
R
exp
exp
FE
FE
9
exp
Ω ðup −up ÞWp ðup −up Þ dA
R exp
cost ¼ ∑
Wp up dA
ðB:1Þ
u
p¼1
p
Ω
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R
Herein, Ω dA represents the integration over the outer surface of the posterior scleral shell. The numerator in the above
term represents the weighted integral of squared residuals
between the ﬁnite element displacements uFE and the experimental displacements uexp integrated over the outer surface
of the sclera. We use the denominator to normalize the
residuals with the squares of experimental displacements
such that the cost related to each IOP p has a similar impact
on the total cost, where p represents the nine IOP elevations
from 5 mmHg to 7, 10, 15, 20, 25, 30, 35, 40, 45 mmHg. In
Eq. (B.1), Wp is a weighting tensor which is used to account
for large differences in the three displacement components
with respect to the spherical coordinate system
2
3
w11
0
0
6 0
0 7
w22
ðB:2Þ
Wp ¼ 4
5 Gi ⊗Gj
0
0
w33 p
The components of the weighting tensor are deﬁned in the
following:
R
exp
Ω jup  Gi j dA
ðwii Þp ¼ 1− R
exp
exp
exp
Ω ðjup  G1 j þ jup  G2 j þ jup  G3 jÞ dA
for i ¼ 1; 2; 3

ðB:3Þ

Herein, Gi are the base vectors of the spherical coordinate
system introduced in Appendix A. To penalize unphysical
solution based on the tissue volume containing straighten
scleral collagen ﬁbrils the following dynamic penalty term
was used:
penalty ¼ ð0:5  iterÞ2 ðϑlock;tot ð45Þ−ϑlock;tot ð5Þ−80Þ2

ðB:4Þ

ϑlock;tot ðpÞ represents percentile of locked collagen ﬁbrils of the
entire posterior scleral shell at the IOP level p (mmHg) and iter
is the current iteration of the DE algorithm. The pressure on
unphysical solutions is increasing with increasing iteration
steps due to the ﬁrst term in (B.4). The penalty term (B.4) was
added to the cost function (B.1) if less than 80% of scleral
collagen ﬁbrils were straighten for an IOP elevation from 5 to
45 mmHg. The objective function f used to evaluate the DE
population was deﬁned as

cost þ penalty
if ϑlock;tot ð45Þ−ϑlock;tot ð5Þo80
ðB:5Þ
f¼
cost
otherwise
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